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Abstract 

This paper analytically investigates the thermal performance within convective–radiative circular 

porous fins with three different cross section geometries, rectangular, triangular and parabolic with 

sinusoidal profiles. The heat transfer through porous media is simulated using passage velocity 

from the Darcy’s model. By considering these geometries temperature distribution is analyzed 

using Galerkin Method (GM) as a new reliable numerical solution and its results compared with 

fourth order Runge–Kutta Method as a numerical method (NUM). Temperature distribution 

compared in sine and non-sine cross section profiles in equal conditions like length and base 

thicknesses. Also heat transfer through fins is expressed and then effect of parameter  

(dimensionless thickness) on fin’s heat transfer is obtained.  Four different material for porous fins 

are selected, Al, Cu and two aluminum and copper alloys, AlSiC and CuW. Results reveal that 

among three different geometries and four porous materials, fin with rectangular sinusoidal cross 

section made by copper has the maximum heat transfer. 
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1. Introduction 

Study of convective flow through porous media is mandatory in many thermal engineering 

applications. Many numerical and analytical researches are conducted to obtain a deeper 

understanding of the transport system of the heat transfer inside the porous mediums. Porous media 

has an extensive use of applications like catalytic and inert packed bed reactors, enhancing drying 

efficiency, insulation, lubrication [1]. 

A high thermal conductivity porous substrates are used to enhance forced convection heat 

transfer in many engineering applications such as reactor cooling, heat exchangers, and solar 

collectors [2]. Fins and extended surfaces have many applications in heat transfer such as air 

conditioning, refrigeration, chemical processing equipment and internal combustion engines [3]. 

The concept of using fins made of porous materials with introducing the Dracy model [4],[5] is 

firstly introduced by Kiwan et al. [6]. Following some studies about extended surfaces analysis and 

porous fins are presented. 

Saedodin and Sadeghi [7] studied heat transfer of a cylindrical porous fin through fourth order 

Runge–Kutta method and they found that the heat transfer rate from porous fin could exceed that of 

a solid fin. Turkyilmazoglu [8] found exact solutions for thermal diffusion in a straight fin with 

varying exponential shape when the thermal conductivity and heat transfer coefficients are 

temperature dependent by power laws. He revealed that the efficiency and base heat transfer rate of 

the exponential profiles are higher than those of the rectangular fin. Aziz and Beers-Green [9] 

investigated the performance and optimum design of a longitudinal rectangular fin attached to a 

convectively heated wall of finite thickness by numerical method obtained by Maple package and 
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they compared their results by those obtained by Adomian’s decomposition and the Differential 

Quadrature Method (DQM). Besides, Khani and Aziz [10] applied Homotopy Analysis Method 

(HAM) for predicting the thermal performance of a straight fin of trapezoidal profile when both the 

thermal conductivity and the heat transfer coefficient are temperature dependent. Finite Difference 

Method (FDM) and DQM are applied on a pin fin with different boundary condition by 

Malekzadeh and Rahideh [11].  

Recently, Hatami et al. [12] investigated the effect of Darcy and Rayleigh numbers on a 

rectangular porous fin by three efficient analytical methods and they also showed that Least Square 

Method (LSM) has more accurate results than other applied methods. Fin efficiencies for four 

different longitudinal solid straight fins such as rectangular, triangular, convex and exponential are 

considered by Torabi and Zhang [13] through Differential Transformation Method (DTM) 

considering all nonlinearities. Kundu et al. [14] presented an analytical work on the performance 

and optimum design analysis of porous fin of various profiles operating in convection environment 

and they observed a significant increase in heat transfer through porous fins for any geometric fin 

compared to that of solid fins for a low porosity and high flow parameter. 

Hatami and Ganji [15] applied Least Square Method (LSM) for predicting the temperature 

distribution in porous circular fins with four different shapes, rectangular, convex, triangular and 

exponential and four different materials such as Al, SiC, Cu and Si3N4. They found that by this 

sequence for fin porous materials: Si3N4, AL, SiC and Cu, heat transfer rate reduces from 

maximum to minimum values. 

Kiwan [16] investigated the thermal analysis of natural convection porous fins. He used a 

method based on energy balance and Darcy’s model to formulate the heat transfer equations and 

the thermal performance of porous fins was studied for three types of fins. It was found that the 

heat transfer rate from porous fin can exceed that of a solid fin. Gorla and Bakier [17] performed a 

study on natural convection and radiation in rectangular profile fin. Their results showed that the 

radiation transfers more heat than a similar model without radiation. Domairry and Fazeli [18] 

solved the nonlinear straight fin differential equation to evaluate the temperature distribution and 

fin efficiency. Also temperature distribution for annual fins with temperature-dependent thermal 

conductivity was studied by Ganji et al. [19]. Joneidi et al. [20] used DTM for analytical solution of 

convective straight fins with temperature-dependent thermal conductivity and comparing results 

with exact and numerical one. Their results reveal the capability, effectiveness, convenience and 

high accuracy of this method. 

Continuing mentioned researches, in this study writers investigate the thermal performance for a 

steady-state condition in circular porous fins with sinusoidal cross-sections which have more 

surface area for heat transfer. The main purposes of this study are solving the temperature 

distribution in sinusoidal fins by a simple analytical method called GM which does not needs to 

any linearization or perturbation. Four different material for porous fins are selected, Al, Cu and 

two aluminum and copper alloys, AlSiC and CuW which are prevalently used for fins 

manufacturing. In this paper effect of variable section profiles and four different porous materials 

on fin’s thermal performance are investigated. Also variation of porous fin’s heat transfer as non-

dimensional fin thickness is studied. 

 

 

Fig. 1 Schematics of circular porous fins with different sinusoidal cross sections: 

(a) Rectangular (n=0), (b) Triangular (n = 1), (c) Parabolic (n = 2) 

 

2. Mathematical Formulation 

(a) (c) (b) 

Porous media 
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As presented in Fig. 1, three circular porous fins with various profiles, rectangular, triangular 

and exponential, are considered. The cross section area ( )A  of these porous fins varies with 

 t r function and fins have both convection and radiation heat transfer. 

 
Fig. 2 Schematic of circular fin with rectangular sinusoidal cross section. 

 

According to an element defined in Fig. 2, energy balance equation can be written as:  

                                             

4 42 (1 )( )

2 (1 ) ( ) ( )
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q q rdr T T
r r dr

h rdr T T mc T T

  

 
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where   is porosity parameter. The mass flow rate of the fluid passing through the porous material 

is [12]: 

                                                             . .2. . . m r dr                                                        (2.2) 

The passage velocity from the Darcy’s model is [17]: 
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
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Replacing (2.2) and (2.3) into (2.1) results: 
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Coefficient ‘2’ is used for considering the upper and lower surfaces of the fin. Also from 

Fourier‘s Law of conduction: 

                                                                      eff

dT
q k A

dr
                                                        (2.5) 

where A  is the cross-sectional area of the fin that varies with   function;  and 

is the effective thermal conductivity of the porous fin’s material that can be obtained from 

following equation [21]: 

                                                        (1 )   eff f sk k k                                                    (2.6) 
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Replacing (2.5) into (2.4) results in: 

 
4 4 2

21 2 (1 ) 2 (1 )
( ) ( ) ( ) ( )
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      

 

p
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r dr dr k k k
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According to Fig. 1 dimensions and considering the following dimensionless parameters, 

                                  , , ,b a s
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Thickness function,  t r , for defied cross section shapes can be written as fallows, 
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After describing parameters in (2.8) and (2.9) into (2.7), for rectangular, triangular and parabolic 

profiles, 
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where    e bL r r  , by defining the following non-dimensional parameters;
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Eqs. (2.10) and (2.11) can be written as follows, [15] 
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By the current research we study finite-length fins with insulated tip. For these cases, the fin tip 

is insulated so that there will not be any heat transfer at the insulated tip and boundary condition 

will be, 
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Dimensionless heat transferred through circular porous fins can be obtained using the base 

temperature gradient: [14] 
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3. Galerkin Method (GM) 

This method is used as a weighted residual method. It is an approximation technique for solving 

differential equations .The method is perfectly universal; it can be applied to elliptic, hyperbolic 

and parabolic equations, non-linear problems, as well as complicated boundary conditions. 

 

3. 1. Principle of Method 

In this method an approximate trial solution ( )T t  containing a finite number of undetermined 

coefficients 1 2, ,..., nc c c  can be constructed by the superposition of some basis functions such as 

polynomial functions written bellow [22] 

                                                               2

1 2
( ) 1  +...T t c t c t                                                   (3.1) 

The method requires that the weighted averages of the residual 1 2Re( , ,. ).., ,nc c c t  should 

vanish over the interval considered. This residual vanishes only with the exact solution for the 

problem. When 1 2, ,..., nc c c are known, the trial solution ( )T t given by (3.1) becomes the 

approximate solution for the problem. 

The weighting functions (t)iw  are taken as the same basis functions used to construct the trial 

solution ( )T t . In this method weight functions can be interpreted as: 

                                                         1,2,...,i
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c


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                                           (3.2) 

The weight functions are used for the integration of the residual Re  over the 

interval 0   1t  . Thus, the Galerkin method becomes 

                                                    
1
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0
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                                       (3.3) 

Eq. (3.3) provide several algebraic equations for the determination of the unknown coefficients 

1 2, ,..., nc c c . 

 

3.2. Application of GM on problem 

For this problem we wish to obtain an approximate solution in the specific interval 0   1R  . 

To construct a trial solution( )R , the basis function is chosen to be polynomials in R  and create a 

trial solution of the form: 
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So the Galerkin method yields: 

                                            
1

1 2 3 4 5 6
0

Re( , , , , , , 0)
R

R c c c c c c R dR


                              (3.5a) 

                                            
1

2

1 2 3 4 5 6
0

Re( , , , , , , 0)
R

R c c c c c c R dR


                            (3.5b) 

                                            
1

3

1 2 3 4 5 6
0

Re( , , , , , , 0)
R

R c c c c c c R dR


                            (3.5c) 

                                            
1

4

1 2 3 4 5 6
0

Re( , , , , , , 0)
R

R c c c c c c R dR


                            (3.5d) 

                                            
1

5

1 2 3 4 5 6
0

Re( , , , , , , 0)
R

R c c c c c c R dR


                            (3.5e) 



N.Hedayati, M.Ghasemi & D.D.Ganji 

 

 
 

32 

Including another equation from boundary condition (eq. (2.13)) we have six algebraic 

equations that provide the unknown coefficients 1 2 3 4 5 6, , , , andc c c c c c . Introducing these 

coefficients into (3.1), temperature distribution equations will be determined. Thermophysical 

properties of four different porous materials are presented in Table 1. GM used for AlSiC circular 

porous fin when following values are considered: 

                     
5000 , 0.0001, 0.6 , 0.1 , 0.5 , 0.8

25 , 0.0262 , 0.25 , 500

b a s

f b

Ra Da r

h k T

   


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   
    (3.6) 

By substituting coefficients 1 2 3 4 5 6, , , , andc c c c c c  in (3.1) following equations will be 

determined for temperature distribution of three fin types: 

I. For rectangular sinusoidal cross-section (n=0)  

                                     

2 3

4 5 6
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II. For triangular sinusoidal cross-section (n=1)  
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III. For parabolic sinusoidal cross-section (n=2)  
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Table 1 

Thermo physical properties of porous materials 

 

Material                                       Symbol                (kg/m3 )          (kJ/(kg K))         (W/Km) 

Aluminum                                       Al                      2700                      0.897                      237                           

Copper                                            Cu                      8960                      0.385                      401 

Aluminum Silicon carbide          AlSiC-9                3010                      0.741                      190    

Copper–tungsten(20%Cu)          CuW80               15150                     0.195                      215            

 

4. Results and Discussions 

In this study temperature distribution and heat transfer of circular porous fins were investigated. 

To obtain these values Galerkin Method (GM) was employed as an exact numerical method and 

compared with fourth order Runge–Kutta Method (NUM). Fig. 3 shows this comparison with 

sample types of profiles and materials and results that GM has an acceptable accuracy to obtain an 

exact solution.Values of heat transfer through two sample types of porous fins with different shapes 

and materials obtained with GM and NUM using (2.14) . These values are presented via Table 2 

including absolute error of GM. 

Three different geometries called rectangular, triangular and parabolic with sinusoidal section 

profiles and four different porous materials namely Al, Cu, AlSiC and CuW are selected for 

showing the effect of section profile and porous material on heat transfer through circular porous 

fins. Fig. 4 which is described for Al porous fin shows the temperature variation through the fins 

with sine and non-sine section profiles. Similarly temperature distribution as non-dimensional 

radius (R) when the material is CuW is presented through Fig. 5. It is obvious from the Figures that 

near the fin base, rectangular fin has greater temperature values than other profiles. Also comparing 

temperature variation of sine and non-sine section profiles represents sinusoidal section’s better 

thermal performance. 

Comparing thermal performance of several porous material for two sample geometries were 

presented in Figs. 6 and 7. Since the porosity is assumed to constant in all figures, the main reason 

for difference in temperature profiles among selected materials is variation in thermal conductivity 
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coefficient of the materials ( )sk . It is clear that Cu (which has the highest thermal conductivity) 

has higher temperature values. According to Figs. 8 and 9 it is obvious that increasing in non-

dimensional thickness ( ) parameter results in higher heat transfer and among several geometries 

for fin, rectangular sinusoidal cross-section has the best heat transfer. 

 

 

 
Fig. 3 Comparison of GM and NUM in temperature predicting for different shapes and materials. 

 

 

 

Table 2 

Non-dimensional heat transfer ( ) values for two sample fins obtained by GM and NUM. 

 

 

 

 

 

 

 

 

                                 Al Rectangular sinusoidal section                                                                       AlSiC Triangular sinusoidal section 

R                       GM                           NUM                       GM absolute error                            GM                                 NUM                   GM absolute error 

       0.0                     1                     0.99999999999999988                   0                                              1                    0.99999999999999966                      0 

0.1            0.9609353341        0.960700790755234846          0.0000244                             0.9627555635         0.962537588038839820             0.0000226  

0.2            0.9337582136        0.933636389063241867          0.0000134                             0.9347301773         0.934600592204642088             0.0000136 

0.3            0.9146398678        0.914552547295420348          0.0000095                             0.9135449865         0.913473068520124776             0.0000078 

0.4            0.9010294397         0.900923799715274365         0.0000127                             0.8974728715         0.897401519559184568             0.0000079 

0.5            0.8912835221         0.891171658252309151         0.0000125                             0.8852911915         0.882671752017226474             0.0027676 

0.6            0.8843649449         0.884270607170772771         0.0000104                             0.8761571415         0.8760704558001345                 0.0000089 

0.7            0.8796108090         0.879534729412154490         0.0000086                             0.8695057184         0.869433795407748122             0.0000082 

0.8            0.8765697790         0.876495604759455982         0.0000084                             0.8649703002         0.864914068453061846             0.0000065 

0.9            0.8749086164         0.874829319368955028         0.0000090                             0.8623258367         0.862273226543955218             0.0000061 

1.0            0.8743879710         0.874311309085566091         0.0000087                             0.8614546513         0.861397854931844065             0.0000065 
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Fig. 4 Result of various section profiles for AlSiC circular porous fin on temperature distribution ( . 

 

 
Fig. 5 Result of various section profiles for CuW circular porous fin on temperature distribution ( . 
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Fig. 6 Result of various materials for rectangular circular porous fin on temperature distribution ( . 

 

 
Fig. 7 Result of various materials for triangular circular porous fin on temperature distribution ( . 
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Fig. 8 Dimensionless heat transfer ( ) as non-dimensional thickness ( ) of three various section profiles 

for aluminum. 

 

 
Fig. 9 Dimensionless heat transfer ( ) as non-dimensional thickness ( ) of three various section profiles 

for AlSiC. 

 

5. Conclusions 

In this paper, heat transfer equations for porous circular fins with different shape and materials 

are presented and Galerkin Method (GM) has been successfully employed to find the solution for 

them. Fin’s cross-section shapes considered sinusoidal. The following main points concluded by 

the present study: 
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a. Porous Fin with copper material has the highest temperature values and by this sequence for 

fin porous materials: CuW, Al, AlSiC and Cu, temperature values increases from minimum to 

maximum. That is because of the effect of thermal conductivity. 

b. It is obvious from figures that fins which have sinusoidal sections have higher temperature 

values and heat transfer than simple sections, so they are more efficient. 

c. Increasing in non-dimensional thickness ( ) parameter results in higher heat transfer. 

d. Rectangular sinusoidal section fin has the most heat transfer among three geometries 

considered in this paper. 

 

Nomenclature 

 

             section area of fin [m2] 

           specific heat [kJ/kg k] 

           dimensionless constants 

          Darcy number 

             thermal conductivity [W/m K] 

           thermal conductivity ratio  

               ( ) 

            permeability 

             length of fin ( ) [m] 

             power constant 

             conducted Heat [W] 

            transferred heat from porous fin 

             radius of fin [m] 

            base radius [m] 

            tip radius [m] 

            non-dimensional radius 

          residual function 

          Rayleigh number 

            temperature [K] 

      surrounding temperature [K] 

     temperature at fin base [K] 

     sink temperature for convection [K] 

        thickness function of the fin 

 

 

 

 

             base thickness [m] 

              trial function 

              velocity of fluid passing through         

                 the fin   [m/s]   

             weight function 

GM          Galerkin Method 

 

Greek symbols 

       coefficient of volumetric thermal      

                expansion   

            constants 

   Stephan–Boltzmann constant 

             non-dimensional temperature 

              radiation coefficient 

    kinematic viscosity [m2/s] 

             density [kg/m3] 

             porosity variable 

             non-dimensional thickness ( ) 

 

Subscripts 

        porous properties 

            fluid properties 

             solid properties 
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